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UNIT 
306
 
Engineering Mathematics and Statistics
) (
       SOW LEVEL 3 (Technical) Cert/Dip/Ext Dip in Engineering (1145-30/31/32)
)
	Lesson 1: Working with algebra – algebraic functions
	Suggested Teaching Time: 1 hour

	Learning Outcome: Apply principles of algebra

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 1.1
Algebraic functions



	Introduction to the unit
Mathematics is an important and powerful tool in engineering; without it not much engineering would be done. There is always a temptation for teachers and lecturers to teach mathematics for its own sake to engineering students, concentrating on the process and neglecting the uses to which the particular process can be put. 
The majority of other units in this qualification include further mathematics and statistics specifically to support learning in those units. The aim of this unit is to give learners the tools to learn and use those further skills. All practice problems should, wherever possible, have an engineering context and should ideally solve a particular engineering problem.
Range – definition, description and presentation; equalities and inequalities of functions.
Revision – to begin with, learners should review and recall their knowledge of basic algebra, including the definitions and differences between the following:
· Expression eg 	 and 
· Equation eg		
· Formula eg		  the volume of a sphere where the left-hand side is a particular quantity and the right-hand side expresses it in terms of one or more different components. This may or may not have units, in this case,   
· Function eg the relation between a set of inputs and a set of permissible outputs – each input being associated with only one output:	
	
This could be left until the calculus lesson, but reference back should be made.

Explain the meanings of 'equality' and 'inequality' and the symbols used to denote them: 
Inequalities – much less than:     less than: 	less than or equal to:            greater than –   much greater than: 
Learners must be able to instantly recognise these inequalities and be able to work with them accurately. Learners must be able to solve inequalities and to express the solutions in the correct form.

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com




	Lesson 2: Working with algebra – indices
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply principles of algebra

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 1.2
Indices


	Range – laws of indices, numerical indices, orders of magnitude.
This is often a weak subject in post-GCSE learners so it is essential learners have enough practice so the process of interpreting and manipulating indices becomes second nature.
Revise the laws of indices – how they are written:  
			
  		   		      		

Example exercises:
1.	Find the value of when 
2.	Evaluate  when 
3.	Simplify      
Learners given enough problems to practice skills in manipulating algebraic terms.
Explain the principle of orders of magnitude and their use – ie used to make approximate comparisons between numbers (quantities etc). They are written in powers of 10, so for example 7,300 has an order of magnitude 3 since it can be written as . A useful rule of thumb is: if the larger of two numbers divided by the smaller comes to less than 10, then they are of the same order of magnitude. For example, 12 and 73 have the same order of magnitude, 12 and 730 do not.
	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com 



	Lesson 3: Working with algebra – using logarithms and working with exponentials
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply principles of algebra

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 1.3
Exponentials and logarithms
	Range – definition and purpose; and its graph; laws of logarithms;  and its graph;  and its graph;  as an inverse function of ; use of logarithms in calculations.
Explain that a number such as 25 can be expressed as  with the number 2 being the power or exponent and 5 being the base.
Taking  again, it can be written as     or
log to the base 5 of 25 equals 2
So the log is equal to the power of the original expression and the base of the logarithm equals the base of the original expression.
Introduce and discuss the graph of 
Explain Common Logarithms ie logs to the base 10, or 
Consolidate understanding of the laws of logarithms with some practice problems involving the evaluation of a range of logarithms to different bases of a range of numerical values eg Evaluate   ,    etc.
Introduce  as a mathematical constant of value approximately 2.7183 and the graph of 
Explain Naperian (natural; hyperbolic) logarithms – having a base 'e' and written as eg  
Introduce the graph of and show that is an inverse function of
Show how logarithms can be used to solve equations which involve indices eg
Solve . Take logs to the base 10 of both sides: 
					
So					

Point out that   is not the same as 
Show how logarithms are used in calculations and give learners practice problems in an engineering context eg:
The gain of a radio frequency (RF) amplifier in decibels is given by the formula:

where  is the power input and  is the power output. Find the power gain  when 


	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com 





	Lesson 4: Working with algebra – equations, functions and formulae
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply principles of algebra

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 1.4
Equations, functions and formulae

	Range – equations: linear; quadratic – roots and coefficients; polynomial – roots; simultaneous. Manipulation of algebraic equations and formulae including, but not limited to the expansion of brackets; collection of like terms. 
Start with linear equations eg . Learners should be able to solve these equations quite easily, however, they might need some practice to remember the methods, which should include cross-multiplication, removal of brackets, collection of like terms and formula transposition. Learners should be able to tackle a problem such as:
Given:    express in terms of 
Continue with quadratic equations and their solutions.  
Define a quadratic equation as any equation having the form 
where x represents an unknown and  represent numbers such that  (if  were to equal zero, the equation would become linear).
Methods of factorisation should be practiced, since this is often an area that learners struggle with. It is sometimes easier to start with the factors and show how the quadratic is assembled from them (ie by multiplying each of the terms by the remaining ones). There is no easy way to learn how to do this – learners should be encouraged to persevere until they have mastered the process. It will help if learners could learn some standard factorisations so they can begin to recognise the patterns.
Learners should also be able to assemble a quadratic given its roots. For example, determine the quadratic equation in  if its roots are:  





Explain what a polynomial equation is and that its 'degree' is denoted by the highest index in the equation. For instance is a fourth degree equation. 
Also, if the degree is an odd number the number of roots is odd, and similarly the even-numbered degrees have an even number of roots. However, the roots can be real or complex, and even polynomials may have no real roots; odd polynomials may have only one (which could be 1). 
Since complex numbers will be taught later in the unit, tutors may choose to leave the subject of polynomials until learners are more familiar with complex numbers.
Explain simultaneous equations and how to solve them, for example:
Solve the following simultaneous equations:
					
					
Multiplying equation (1) by 3 gives:	 
Multiplying equation (2) by 2 gives:	
So					
					
					
Substituting for  in (1):		       
Opportunity for applied learning:
· Learners should practice these solutions in an engineering context so they are finding real engineering values instead of just numbers.

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com 










                                                                                                                                                     
	Lesson 5: Working with algebra – algebraic methods and theorems
	Suggested Teaching Time: 1 hour

	Learning Outcome: Apply principles of algebra

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 1.4 
Equations, functions and formulae



	Range – manipulation of algebraic equations and formulae: simple polynomial division; Remainder Theorem; Factor Theorem.
Before proceeding, tutors should be sure that learners understand the basic manipulative methods used in algebra, such as collection of terms and expansion of brackets.
Learners should then be introduced to simple polynomial division such as:
Divide		
There are two useful theorems that should be introduced here:
· Remainder Theorem
· Factor Theorem
Learners should be able to simply explain the relationship between the factors of a quadratic expression and the roots of the equation when that expression equals zero eg
				
factorises to:			
so when			 
either				
therefore			 

So the relationship is described by: 
a factor of  corresponds to a root of 
Following on from this, the Factor Theorem is a generalised version of the above:
'If  is the root of the equation   then    is a factor of  '
Learners should practice problems using these two theorems until they are completely confident with manipulating algebraic expressions and equations.

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com





















	Lesson 6: Working with algebra – graphical representation of algebraic functions
	Suggested Teaching Time: 1 hour

	Learning Outcome: Apply principles of algebra

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 1.4
Equations, functions and formulae



	Range – graphical interpretation of algebraic functions, including but not limited, to: linear (equation of a straight line, parallel and perpendicular lines); quadratic; cubic; intersection points as solutions; co-ordinate geometry of a circle.
Learners should be given standard linear, quadratic and cubic functions to plot and familiarise themselves with. These include (*items are mandatory): 

· Parallel and perpendicular lines*
· Simple exponential functions such as and the decay of the voltage across a capacitor:
					
· Hyperbolae.
· The co-ordinate geometry of circles*
· Quadratic and cubic functions*
· Intersection points as solutions*
Tutors should stress to learners that the ability to recognise standard curves and their equations instantly is an important skill and time spent learning them would be well spent.

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com








	Lesson 7: Working with algebra – practical engineering functions
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply principles of algebra

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 1.5
Practical engineering problems 



	Range – learners should be given a variety of relevant practical engineering problems to solve, incorporating the content of topics 1.1 to 1.4. They should report the findings from each in a formal report using appropriate technical terminology and format.

Opportunity for applied learning:
· It is important to maintain the learners' focus on the fact that they are studying engineering and not pure mathematics.  
· To that end, this lesson should be devoted to solving practical engineering problems using the algebraic techniques in this LO.  
· Context should be spread across the engineering disciplines.

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com 







	Lesson 8: Trigonometric methods – trigonometric identities
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply principles of trigonometry

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 2.1 
Trigonometric functions



	Range – learners should be familiar with, and be able to use, the relationships between the sine, cosine, tangent, secant, cosecant and cotangent of an angle.

Learners should be familiar with, and try to commit the following trigonometric identities to memory. The best way of learning is by solving problems, but learning by rote works too.

 (
θ
a
b
)With reference to a right angled triangle:

 (
c
)














	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com






	Lesson 9: Trigonometric methods – trigonometric formulae
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply principles of trigonometry

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 2.2 
Trigonometric identities and formulae



	Range – including but not limited to: compound and double angle formulae for sine and cosine; area of a triangle using ; degree and radian measure; arc length and area of a sector using  and 

Opportunity for applied learning:
· Using the functions and identities from Lesson 8, learners can now start to work with trigonometric data; tutors should start to introduce engineering contexts to the problems.  
· These could be related to the workshops unit, where a good grasp of trigonometry is vital for the process of measuring and marking out material, or the design unit where there will be a certain amount of trigonometric calculations involved.
· Learners need to become proficient in the following:

· Compound angle (or addition) formulae: 






· Double angle formulae:




· Area of a triangle using   
· Measurement of angles using degrees and radians, including their definitions, the relationship between them and the use of π in radian notation eg 2π radians = 1 revolution. Learners should be confident in converting between degrees and radians and should know the reasons why it is often mathematically more convenient to use radians than degrees.
· Circle geometry, calculating arc length and area of a sector using   and  

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com






	Lesson 10: Trigonometric methods – graphs of trigonometric functions
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply principles of trigonometry

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 2.3 
Graphs of trigonometric functions



	Range – including, but not limited to: plotting and recognition of trigonometric functions; frequency, phase, amplitude and period of a sine/cosine function.

Opportunity for applied learning:
· Learners need to spend time plotting and manipulating the graphs of standard trigonometric functions. This can be done in a number of ways ranging from the traditional pencil and graph paper to one of the many software packages available. 
· One such free, open-source program is mathgv.com, the advantage of which is that it will only plot functions, with relevant data being input direct into the function. This eliminates plotting time, making learning process more efficient. Plots can be coloured, overlaid and labelled. 
· Having produced sets of plots for the standard trigonometric functions the plots of the sinusoidal functions can be used to cover the final part of this topic. Using the standard function:



 
Frequency    Hertz
Angle of lead/lag = α  (phase angle denoted as ϕ in electrical/electronic theory)

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com
www.mathgv.com



	Lesson 11: Trigonometric methods – engineering problems
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply principles of trigonometry

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 2.4 
Use of trigonometry to solve engineering problems


	Range – learners should be given a variety of relevant practical engineering problems to solve, incorporating the content of topics 2.1 to 2.3. They should report the findings from each in a formal report using appropriate technical terminology and format.

Opportunity for applied learning:
· Learners should be given engineering-based problems to solve covering. For instance, phase shift in signal amplifiers, vibration in machines, design of load bearing structures etc. Problems should be realistic, scenario-based and answered with a short technical report.

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com 










	Lesson 12: Calculus principles and application – differentiation first principles                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply principles of calculus

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 3.1 
Principles of differentiation



	Range – rate of change of a function: derivative of  using the notation  or  .   Gradient and derivative of simple functions – algebraic, exponential, logarithmic. 
Explain what a derivative in terms of the function ie it is the rate of change of a function  (gradient of its graph), which can be calculated for any point on the graph by substituting for .
Explain the method of obtaining the derivative of  using the notation  or 
Learners should progress to finding derivatives and specific gradients of simple functions:
· Algebraic – of the form        	 
· Exponential – of the form	
· Logarithmic – of the form    	 
eg differentiate:
					
					
					
                   			
· Trigonometric – sin, cos and tan 


Opportunity for applied learning:
· Sufficient practice should be given so that learners can complete standard simple derivatives and gradients as second nature. Learners should be encouraged to commit simple standard derivatives to memory.

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com






	Lesson 13: Calculus principles and application – principles of integration
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply principles of calculus

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 3.1 
Principles of differentiation



	Range – simple rules of differentiation, including chain rule. 


Explain that if we want to differentiate  :
			Let                  then y = u4

					


An easier method is to differentiate the bracket, treating it as  then differentiate the
function inside the bracket. To obtain   multiply the two results together. Check back to the answer above. 
Differentiate different types eg:


	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com






	

Lesson 14: Calculus principles and application – differentiation of a product
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply principles of calculus

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 3.1 
Principles of differentiation



	Range – product rule.

Explain the product rule, which must be used when differentiating products:
When and  and  are functions of  then

It can be remembered as: the first times the derivative of the second plus the second times the derivative of the first. For example:






Opportunity for applied learning:
· Learners should be given examples to solve covering all types of function from Lesson 12. 

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com







	Lesson 15: Calculus principles and application – differentiation of a quotient
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply principles of calculus

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 3.1 
Principles of differentiation



	Range – quotient rule.  

When   and  and  are functions of  then

Solve problems involving logarithmic, trigonometric and exponential terms, for example:





	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com








	Lesson 16: Calculus principles and application – second order derivatives and applications of differentiation 
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply principles of calculus

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 3.1 
Principles of differentiation



	Range – first and second order derivatives, gradients, maxima and minima, stationary points.

Learners should now practice obtaining the second order derivatives  of the above using the same rules.

Having mastered the second order derivatives, learners should be introduced to the following features of the graphs of typical functions and the methods of calculating them:

· Positive, negative and zero gradients.
· Stationary (turning) points:
· maxima and minima
· points of inflexion.

Opportunity for applied learning:
· Learners should be able to sketch two generic graphs showing all of the required features (ie a single cycle sinusoid and a curve showing points of inflexions. Graphical software could again be useful here.  
· Learners should be encouraged to commit the graphs of relevant standard functions to memory. 

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com





	Lesson 17: Calculus principles and application – basic principles of integration
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply principles of calculus

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 3.2 
Principles of integration


	Range – integration as the reverse of differentiation. Indefinite and definite integrals. Rules for integration. For example, by parts, substitution, partial fractions.
Introduce the idea of reversing differentiation – the indefinite integral. Also, the concept of integration being the sum of many small parts. Introduce the rules of integration, including the addition of the arbitrary constant 'c', the notation and the method of integrating simple functions.

Opportunity for applied learning:
· Use engineering-orientated illustrations such as: 
· The daily production of bolts in a factory is plotted over several weeks – what does the area under the curve represent?
· Introduce the concept of integration between limits and what that means in terms of the answer that is obtained.  
· Learners should become familiar with standard integrals and should commit their generic forms to memory. Clearly, remembering the equivalent derivatives will help.

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com






	Lesson 18: Calculus principles and application – rules for integration and problem solving
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply principles of calculus

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 3.3 
Application of calculus to simple engineering problems


	Range – learners should be given simple engineering problems requiring the application of calculus, including: maximum and minimum values of a function; application of integration to areas, volumes of revolution, centres of mass, mean and root mean square (r.m.s) values of a function.
Introduce the rules for the following integration methods:
· By parts – if are both functions of  then:

· Algebraic substitution ie where integrals are of the form:

· Partial fractions with linear factors.

Opportunity for applied learning:
Learners should now be given engineering based practice problems, which will involve the application of the above techniques. These must include the calculation of:
· Areas under a curve.
· Volumes of revolution eg:
· A bucket has top and bottom radii of 200mm and 100mm respectively and a height of 200mm. Find the capacity of the bucket in litres.


 			
Centre of mass of a lamina eg:
[image: ]

Mean and root mean square (RMS) of a function:
Mean value under a curve:

Show that the mean value under a curve: 

If the area of the curve is found by integration then:


Root means square eg for a current.
The r.m.s. value of an alternating current is defined as that current which will give the same heating effect as the equivalent direct current.
[image: ]

Opportunity for applied learning:
· If additional time for practice problems is available then tutors should consider devoting that time to additional worked problems with an engineering context, perhaps related to other course work and projects.

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com











	Lesson 19: Complex numbers – what are they?
	Suggested Teaching Time: 2 hours

	Learning Outcome: Applying principles of complex numbers

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 4.1 
Complex numbers                        



	Range – definition of a complex number, real and imaginary parts, powers of j.
This is the most important lesson in this subject area. If necessary, tutors should extend it sufficiently so learners have a solid grasp of the concept of complex numbers, which some will find difficult.  

Define a complex number:
· Cartesian complex numbers.
· Real and imaginary parts. 
· Why do we use complex numbers? (lack of understanding of this tends to demotivate learners).
· j notation – it is probably reasonable not to mention i-notation, since it is the universal engineering preference, due to (amongst others) the conflict of the letter i  for electrical current.
· 
· Powers of j.


	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com







	Lesson 20: Complex numbers – mathematical operations with complex numbers
	Suggested Teaching Time: 2 hours

	Learning Outcome: Applying principles of complex numbers

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 4.2 
Mathematical operations using complex numbers



	Range – addition and subtraction of complex numbers in algebraic form; multiplication of complex numbers in algebraic form; conjugation of complex numbers; division of complex numbers in algebraic form.

Introduce the process of addition and subtraction of complex numbers:
Example:

	
 

 

Find solutions for each of the following:



Multiplying complex numbers:

Find the product of eg




Example problems – find the products of each of the following:





Explain that the complex conjugate of a complex number is obtained by changing the sign of the imaginary part ie if   represents a complex number then   is known as its conjugate. Example:



The product of a complex number and its complex conjugate can be evaluated on sight
 

Example:






Opportunity for applied learning:
Example practice problems.
1.  Evaluate each of the following
a.				
b.				

Learners should practice more of these before starting to interpret problems with an engineering context.

2.  The impedance of an electrical circuit having a resistance and inductive reactance in series is given by the complex number    

Find the admittance of a circuit 

3.  Two impedances  and  are denoted by the complex   and . Determine the equivalent impedance  when: 
a.  and  are in series.
b.    and  are in parallel. 

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com






	Lesson 21: Complex numbers – diagrams and phasors
	Suggested Teaching Time: 2 hours

	Learning Outcome: Applying principles of complex numbers

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 4.3 
Graphical representation of complex numbers



	Range – argand diagram; phasor diagram and j operator (j = √-1); addition and subtraction of phasors in complex form.
· Explain that complex numbers can be represented pictorially on rectangular or cartesian axes. 
· Introduce the argand diagram and ask learners to plot a range of complex numbers.
· Introduce the phasor diagram and ask learners to practice plotting and interpreting them to solve simple problems. Relate these to engineering contexts.
· Introduce the addition and subtraction of phasors in complex form. 






	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com







	Lesson 22: Complex numbers – cartesian and polar forms of complex numbers
	Suggested Teaching Time: 2 hours

	Learning Outcome: Applying principles of complex numbers

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 4.4 
Cartesian and polar forms



	Range – definitions and properties of cartesian and polar coordinates; conversion between cartesian and polar; the polar form of a complex number; multiplication and division of numbers in polar form; practical uses.
Start with the cartesian form of a complex number  and develop the polar version of it using the argand diagram. 

 (
jy
θ 
Z 
A
 
x
 
r
 
R
eal a
xis 
I
maginary a
xis 
)


From the diagram:		 
Hence:				 
				
In polar form:			

Introduce the terms modulus and argument, where the modulus (magnitude) of  is , usually written 
Multiplication and division of complex numbers in polar form eg:
  and
 

Opportunity for applied learning:
· It is important that learners appreciate the practical applications of complex number mathematics from an early stage.  
· It will be easier for learners to learn a subject that is new and challenging if they know that, at the end of their learning process, they will have something they can use practically. For example, this can be incorporated into the electronics phase, which will require the use of complex numbers in parts.

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com









	Lesson 23: Complex numbers – practical engineering problems
	Suggested Teaching Time: 4 hours

	Learning Outcome: Applying principles of complex numbers

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 4.3 
Graphical representation of complex numbers

Topic 4.5
Application of complex numbers to simple engineering problems



	Range – learners should be given a variety of relevant practical engineering problems to solve, incorporating the content of topics 4.1 to 4.4. They should report the findings from each in a short formal report using appropriate technical terminology and format. It is suggested that the core of these problems should be electricity and electronics.

Opportunity for applied learning:
· Learners should be set a number of engineering problems to solve, the most convenient being based on electrical/electronic theory. The subject matter should require the use of complex numbers but should not exclude other electrical and mathematical calculations.  
· Exercise – one of the aims of this exercise is to allow learners to practice their skills in technical report writing. So the scenario could be a design technician being asked to investigate and report on a particular aspect of an audio signal amplifier, perhaps looking at phase shift, impedances etc.  
· Clearly this final part of the unit needs to be addressed when certain other parts of teaching have been delivered. The subject matter is left to tutors.

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com








	Lesson 24: Engineering statistics – measures
	Suggested Teaching Time: 1 hour

	Learning Outcome: Apply statistical methods

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 5.1 
Numerical measures


	Range – standard deviation and variance; linear scaling; choosing linear measures: mean, median, mode, range, interquartile range.
The purpose of this lesson is to give learners an introduction to some of the statistical methods included in Unit 304 – Manufacturing Methods, particularly LO 5.  
It is important that learners understand that they need to grasp the principles of statistics, since it is skill in this subject that employers in the manufacturing sector value above most others. Teaching time will need to be apportioned carefully and learners will have to devote some of their own time. To this end, it will be useful if learners are made aware of the importance and use of statistics in engineering at all stages, and the engineering context should be introduced at an early stage.  
Learners should be familiar with some or all of the following linear measures and must be able to define them and label them on a suitable graph. Simple methods of calculating values from data must be clearly understood:
· Mean
· Median
· Mode
· Range
· Interquartile range (familiarity with the terms 'decile' and 'percentile' will also help).
The properties of a linear scale should also be understood, along with a brief comparison (at this stage) with a logarithmic scale – the dB scale is ideal, as learners will come across it a number of times during the course.

Finally, in this lesson learners should understand the definitions of the terms:
· Deviation (variance) – the difference of each number in a dataset from the mean.
· Standard deviation using root mean square of the deviations of the data set members from the mean of the data set.

Opportunity for applied learning:
· Examples should be chosen to simply demonstrate the principles and, importantly, the practical uses in industry.  
· Typically, datasets from sampling of manufactured goods – dimensions, performance data, properties of electronic components etc could be used, explaining why the process is important.

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com















	Lesson 25: Engineering statistics – understanding probability
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply statistical methods

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 5.2 
Probability


	Range – events: random, mutually exclusive, independent. Addition law; mutually exclusive events; multiplication law; conditional probability.
This lesson should start with the introduction of four distinct types of events:
· Random.
· Mutually exclusive.
· Dependent (including the definition of 'without replacement').
· Independent (including the definition of 'with replacement').
· Conditional probability.

Learners should understand their exact definitions, the differences between them and how each affects the outcome of probability, experimentation and estimation. Learners should then learn the following laws of probability:

· Addition – recognised by probabilities being joined by the word or, the law states that if  is the probability of an event A happening, and  is the probability of event B happening, then the probability of either event A or event B happening is given by  (provided the two events are mutually exclusive). So the probability of events A or B or C …..N happening is given by:

· Multiplication – similarly, the multiplication law is characterised by the word and; the law states that (using the same event identifiers) the probability of event A and event B happening is given by  and similarly the probability of events A and B and C and……N happening is given by:

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com



	Lesson 26: Engineering statistics – binomial distribution concepts
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply statistical methods

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 5.3 
Concepts of binomial distribution


	Range – discrete random variables; conditions for application of a binomial distribution; use of formula to calculate distribution (including notation); using tables; mean, variance and standard deviation.
The lesson should begin with the definition of the term 'discrete random variables' and should be clear as to the conditions under which a binomial distribution can be applied to a particular test ie: 
· When there are only two possible outcomes.
· When the sample is random.

The basic definition of a binomial distribution should be covered, including the two numbers to be covered – p the probability that an event will happen and q the probability that an event will not happen. So the binomial expansion of  is:

Learners will need to know the use and meaning of the notation, particularly the factorial: '!', as in 2! (factorial 2) and the summation ∑.
Learners should be introduced to binomial tables and their basic use. One of the many available examples can be found here – it is interactive (see ‘Suggested Resources’). 

Opportunity for applied learning:
· Engineering based examples for practice are easy to find and all worked examples should be in that context.
	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com 







	
Lesson 27: Engineering statistics – normal distribution
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply statistical methods

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 5.4 
Normal distribution


	Range – properties; calculating probabilities; mean, variance and standard deviation.
Learners should be able to define a normal distribution and to sketch a typical 'normal' curve. They should also be able to recognise, sketch and describe a bell curve, and to describe what makes it different from other normal curves (ie its distribution is even about the mean).

Opportunity for applied learning:
· Learners should be able to plot histograms from simple sets of data and then to derive the normal curve. Having plotted the curve they should be able to determine probabilities from the curve using a table of partial areas and appropriate calculation.
· Engineering contexts should be used throughout.







	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com





	Lesson 28: Engineering statistics – estimation and samples
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply statistical methods

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 5.5 
Estimation 



	Range – define 'parameters' and 'samples'; the mean of a large sample; variance.
Learners should be given an overview of the science of sampling and estimation. It should be stressed to learners that, although the elementary theories are relatively simple, they also have inaccuracies and uncertainties that are unacceptable in certain industries and for certain purposes. 
These might include the sampling of radar signals for selection of targets, the sampling of patient medical scan images for cancerous cells, or the scanning of images of components for automatic quality assurance. 
Learners should be able to quote the definitions of:
· estimation
· parameter
· sample
· variance.

[bookmark: _GoBack]Opportunity for applied learning:
· Learners should be able to carry out calculations using large sample sizes from typical sets of simple data.

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com 







	Lesson 29: Engineering statistics – statistical graphs and diagrams
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply statistical methods

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 5.6 
Graphs and diagrams 



	Range – these should be taught as an introduction in an engineering quality control context to complement Unit 304 LO 5: Bar chart; line graph; bell curve. The seven tools of quality: fishbone (cause and effect diagram), check sheet, control, chart, histogram, Pareto chart, scatter plot, flow chart (run chart).
This lesson serves as an introduction to the statistical work contained in unit 304 Manufacturing Methods in Engineering (LO5).
Learners should have a good overview of each of the following chart/graph types, be able to recognise and name them, and be able to describe their purpose. The majority are straightforward and many will be familiar, however, typical uses in engineering manufacture will not. 
This is the information that must be focussed on, as learners will be called upon to use some of the listed items in subsequent units and assessment tasks:
· Bar chart – should be familiar, industrial uses required.
· Line graph – should be familiar, industrial uses required.
· Bell curve – should be familiar, industrial uses required.
· Theseven tools of quality':
· Fishbone (cause and effect diagram) – needs particular attention and explanation.
· Check sheet – should be familiar, industrial uses required.
· Control chart – needs particular attention and explanation.
· Histogram – should be familiar, industrial uses required.
· Pareto chart – needs particular attention and explanation, probably the most difficult for learners to understand, along with the fishbone.
· Scatter plot – should be familiar, industrial uses required.
· Flow chart (run chart) – may be familiar but should perhaps be related to a CNC machine manufacturing relatively simple parts, as long as there are a number of different stages and actions.

	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com 


















	Lesson 30: Engineering statistics – calculating failure rates and using safety factors
	Suggested Teaching Time: 2 hours

	Learning Outcome: Apply statistical methods

	Topic
	Suggested Teaching
	Suggested Resources

	Topic 5.7 
Failure rates and safety factors 



	Range – simple estimation of failure rates and safe operational life for engineering components and systems. Calculation of safety factors for components and systems. 
Learners to be given relevant practical engineering problems incorporating content of Topics 5.1 to 5.6. Findings should be logged in a short formal report using appropriate technical terminology and format. The core of these problems should be quality assurance, linked to Unit 304. This important subject deals with how safe and reliable an engineering product is, and working out when and how it is likely to fail in service.  
Learners need to understand that modern manufactured items and systems, particularly those with a safety critical use, are not just assembled and sold. Rather, their designers and those that maintain them know exactly how they should perform under particular operating conditions and thus, when they are likely to fail.  
Further, if a component is required to withstand, say, a particular mechanical load, it will be designed to withstand a greater load by a factor that is calculated by the designer.  
Learners to understand the criteria used to calculate these safety factors. Typically, they are a combination of considerations including risk, component redundancy (eg another part of the system taking over if a component fails), cost, lifecycle, and many more.

Opportunity for applied learning:
· Learners should end the lesson with an understanding of the principles behind safety factors and able to make simple calculations using statistical methods to calculate suitable risk factors.
	Books:
Bird J.O. – Engineering Mathematics 7th edition (Routledge, 2014) ISBN 978-0415662802

Websites:
www.mathcentre.ac.uk
www.mathcentre.ac.uk/links  
http://mathworld.wolfram.com 
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